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ABSTRACT
Numerical methods such as the Finite Element Method (FEM) have
been successfully adapted to utilize the computational power of
GPU accelerators. However, much of the effort around applying
FEM to GPU’s has been focused on high-order FEM due to higher
arithmetic intensity and order of accuracy. For applications such as
the simulation of geologic reservoirs, high levels of heterogeneity
results in high-resolution grids characterized by highly discontinu-
ous (cell-wise) material property fields. Additionally, the significant
uncertainties typical of geologic reservoirs reduces the benefits
of high order accuracy, and low-order methods are typically em-
ployed. In this study, we present a strategy for implementing highly
performant low-order matrix-free FEM operator kernels in the con-
text of the conjugate gradient (CG) method. Performance results
of matrix-free Laplace and isotropic elasticity operator kernels are
presented and are shown to compare favorably to matrix-based
SpMV operators on V100, A100, and MI250X GPUs.
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1 INTRODUCTION
Many engineering application contain highly heterogeneous ma-
terial properties and in-situ state variables with high levels of un-
certainty. For example, in subsurface reservoir modeling data are
typically provided at a resolution representative of the heterogene-
ity/natural layering of the geologic formation as determined by a
geophysical analysis. As such, low order methods dominate some
applications such as the subsurface reservoir community.

The application of a low order FE method typically involves
allocation and filling of a global sparse matrix of size (𝑛𝑑𝑜𝑓 · 𝑛𝑛𝑧𝑟 ),
where 𝑛𝑑𝑜𝑓 is the global number of degrees of freedom in the
problem, and 𝑛𝑛𝑧𝑟 is the number of non-zeros in a row of the
matrix. For iterative Krylovmethods, these large sparse matrices are
used as a vector operator through a sparse matrix vector multiply
Ax = b. In contrast, a matrix-free approach eliminates the need to
allocate/fill/store the sparse global stiffness matrix, which results
in a significant reduction in the amount of memory required to
perform a simulation.

In the case of a matrix-based operator, the speed of sparse ma-
trix vector product has a low arithmetic intensity, i.e. is bound by
the memory bandwidth (e.g. [1]). A matrix-free operator poten-
tially allows a reduction in the bandwidth required to carry out the
operator application, which can lead to faster runtime and better
utilization of the GPU’s capabilities in some cases.

In this work, we present a strategy for implementing highly
performant low-order matrix-free FE operator kernels for the case
of a Laplace problem and Linear Elasticity. These kernels are applied
within an un-preconditioned conjugate gradient (CG) iteration to
provide context for the potential performance in an iterative Krylov
method.

2 APPROACH
In this work we show the results of a pair (Laplace, Isotropic lin-
ear elasticity) of low order matrix-free finite element kernels. The
throughput of these kernels are compared to the throughput for
simply transferring the memory for a SpMV over HBM a single
time (i.e. no bytes are transferred more than once). We refer to
this measure as NoOp-SpMV. A strong scaling study for a single
MPI rank are conducted for Nvidia V100, A100, and AMD mi250x
GPU’s.

The algorithm for the matrix-free finite element operator for
linear elasticity is given in Algorithm 1. The implementation of
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this algorithm involves maximizing the information available to the
compiler. For instance, the finite element type is run through a static
dispatch, which provides the compiler all relevant dimensions at
compile time. Additionally, the action of the constitutive response
is provided to the compiler in a similar manner. All fixed size loops
are unrolled using a pragma statement, or by hand in some cases
to allow for the propagation of constexpr data through the kernel.

Algorithm 1Matrix-free action of elasticity operator 𝐴(·)
Input:

x: global support point coordinates
u: global input vector
𝐷 : operator specifying the physics

Output:
v: global output vector

1: templated Class/ templated Method:
𝐶𝑙𝑎𝑠𝑠 ⟨𝐹𝑒𝑚𝑇𝑦𝑝𝑒,𝑀𝑎𝑡𝑇𝑦𝑝𝑒⟩::𝑘𝑒𝑟𝑛𝑒𝑙𝐿𝑎𝑢𝑛𝑐ℎ⟨𝐿𝑎𝑢𝑛𝑐ℎ𝑃𝑜𝑙𝑖𝑐𝑦⟩

2: for each element 𝑒 do
3: Gather/Load data from x and u into element local storage

x𝑒 = {𝒙𝑎}
𝑛𝑠𝑢𝑝𝑝𝑝𝑡𝑠

𝑎=0 ← x,
u𝑒 = {𝒖𝑎}

𝑛𝑠𝑢𝑝𝑝𝑝𝑡𝑠

𝑎=0 ← u
4: for each integration point 𝑞 do
5: Calculate Jacobian transformation at integration point

𝑞:
𝑱𝑒 = 𝑱𝑒 (𝒙̂𝑞) =

∑
𝑎 𝒙𝑎 ⊗ ∇̂𝜙𝑎 (𝒙̂𝑞)

6: Calculate inverse Jacobian transformation 𝑱 −1𝑒 and
det(𝑱𝑒 )

7: Calculate gradient of input variable
∇𝒖𝑒 = ∇𝒖𝑒 (𝒙̂𝑞) =

(∑
𝑎 𝒖𝑎 ⊗ ∇̂𝜙𝑎 (𝒙̂𝑞)

)
𝑱 −1𝑒

8: Calculate action of stiffness operator (i.e. stress):
𝝈𝑒 = 𝐷 (∇𝒖𝑒 )

9: Apply transform and quadrature weight to stress
𝑷𝑒 = 𝑤𝑞det(𝑱𝑒 )𝝈𝑒 𝑱 −𝑇𝑒

10: Apply the gradient of the test functions:
𝒗𝑎 += 𝑷𝑒 · ∇̂𝜙𝑎 (𝒙̂𝑞)

11: end for
12: add element local output vector (v𝑒 ) to global output vector

(v)
v𝑒 → v (atomic add)

13: end for

3 NUMERICAL RESULTS
Figure 1 shows that the matrix-free operator kernel achieves peak
performance once the problem size exceeds 106 degrees of freedom.
Once the matrix-free operator kernel is applied to a problem size
where peak performance is achieved, the throughput moderately
outperforms the theoretical maximum throughput of SpMV across
all architectures. (1x-1.5x) There is approximately a 1.4x jump in
throughput between the V100 and the A100, and approximately a
1.15x jump in throughput between the A100 and the MI250X. The
lack of a large increase in performance for the MI250X over the
A100 despite a 2.5x higher dflop capacity is the higher bandwidth
of the A100.
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Figure 1: Laplace - A(x) Kernel Throughput
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Figure 2: Isotropic Linear Elasticity - A(x) Kernel Throughput

Figure 2 shows that thematrix-free operator kernel achieves peak
performance once the problem size exceeds 106 degrees of freedom.
Once the matrix-free operator kernel is applied to a problem size
where peak performance is achieved, the throughput significantly
outperforms the theoretical maximum throughput of SpMV across
all architectures. (4x-7x)

4 CONCLUSION
In this work, we have shown that the proposed low order matrix-
free fem operator kernel performs well compared to the cost of
transferring the data for a sparse matrix, and input/output vectors a
single time from HBM. In the case of Laplace’s problem the matrix-
free operator performance is similar to the NoOp-SpMV, and in
the case of linear elasticity the matrix-free operator significantly
outperforms NoOp-SpMV. Given the performance of the matrix-
free operator compared to the NoOp-SpMV and the reduction in
memory allocation requirements, the use of a matrix-free appears
to have potential as a viable alternative to SpMV.
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